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The formation of a superlattice in graphene can serve as a way to modify its electronic bandstructure and thus to engineer
its electronic transport properties. Recent experiments have discovered a Kekulé bond ordering in graphene deposited
on top of a Copper substrate, leading to the breaking of the valley degeneracy while preserving the highly desirable
feature of linearity and gapless character of its band dispersion. In this paper we study the effects of a Kekulé distortion
in zigzag graphene nanoribbons in both, the subband spectrum and on its electronic transport properties. We extend our
study to investigate also the electronic conductance in graphene nanoribbons composed of sequentially ordered ν =±1
Kek-Y superlattice. We find interesting resonances in the conductance response emerging in the otherwise energy gap
regions, which scales with the number of Kek-Y interfaces minus one. Such features resembles the physics of resonant
tunneling behavior observed in semiconductors heterostructures. Our findings provide a possible way to measure the
strenght of Kekulé parameter in graphene nanoribbons.
I. INTRODUCTION
The incorporation of graphene nanoribbons is the natural
route to bring graphene special properties to modern day elec-
tronics, as they are expected to be used e.g. in graphene-
based solid and flexible devices, as well as in its wiring
connections1. The electronic transport properties of these
narrow graphene stripes have been widely studied1–6. The
main caveat of such electronic devices is the lack of an in-
trinsic band gap in graphene, which results for instance in
poor current on/off ratios in field effect transistors1,7. There
are a number of proposals to circumvent this issue: con-
finement in quasi-one-dimensional systems such as graphene
nanoribbons (GNRs)6, inducing strain effects8–12, doping
graphene with impurities13,14, and exploiting spin-orbit cou-
pling mechanisms15–18, just to mention a few.
Yet another appealing proposal for opening a band gap
in graphene is through the inclusion of a Kekulé-type
distortion19–22. It consists in modifying the bond strength
of electrons in the pi-band in an alternating pattern (with
two distinct carbon-carbon bond lengths), in such a way
that the translational symmetry is reduced respect to pristine
graphene, resulting in a primitive cell of six carbon atoms in-
stead. As a consequence, the new Brillouin zone can be seen
as a folding down the original Brillouin zone to the Γ-point
having now the two valleys degenerated at its center23. The
pattern in which the carbon-carbon bond strength is altered as
in a benzene ring is known as Kek-O texture. This texture has
the property of opening a band gap, and can be seen as a two
dimensional extension of the Peierls metal-insulator transition
in 1D lattices19,24. On the other hand, the texture in which the
three modified neighboring bonds form a Y-shape pattern (i.e.
surrounding one of the carbon atoms of the new hexagonal
a)Electronic mail: ramoncarrillo@uabc.edu.mx
unit cell) is called Kek-Y distortion. In contrast with the Kek-
O, the Kek-Y shape does not open a gap, but instead, it leads
to the locking of valley degree of freedom to the momentum22.
Since the seminal theoretical work by C. Chamon19, sev-
eral authors have studied the physical consequences of a Kek-
O distortion in graphene. For instance it has been pointed
out that a Kek-O distortion allows the realization of charge
fractionalization with time reversal symmetry in 2D graphene-
like systems25,26, leading to the formation of states with topo-
logical properties27,28. There is no experimental evidence
yet of the Kek-O phase in graphene20,29, although it can
be achieved in analogues systems like molecular graphene21
and vibrational systems30. As for the Kek-Y phase, it be-
came a subject of scrutiny after its recent experimental re-
alization by C. Gutierrez, et al.31, whom showed amazing
STM images of standing-wave in the local density of states of
graphene on Cu(111) surface forming a Kek-Y pattern. Soon
after, Gamayun et al.22 studied theoretically the low energy
band dispersion laws of the Kek-Y distorted graphene find-
ing a gapless spectrum with valley-momentum locking for the
charge carriers. Other recent theoretical studies of the Kek-Y
phase in graphene describe its effects on Klein tunneling32,
its interplay with mechanical strain33,34 and the formation
of multiflavor Dirac Fermions in Kekulé-textured graphene
bilayers35.
In the experiments by Gutierrez et al.31 of graphene/Cu,
the observed formation of Kekulé ordering was inferred from
the interactions between vacancies in the Cu substrate and the
carbon atoms of graphene. The authors report to observe large
areas with the same orientation of Kek-Y distortion, however
they also noticed that regions where two or more orientations
of Kek-Y distortion were present as well. Until now, a theo-
retical study of the effects in such interfaces on the electronic
transport has not been explored, nor the effect of the Kekulé-
Y distortion in graphene nanoribbons on its subband spectrum
and on its transport properties.
In this work we study the effects of Kekulé textures of both
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Y and O types on the subband structure of zigzag GNRs. An-
alytical results for the band structure show unusual band gaps
originated by a combined effect of the Kekulé texture and the
zigzag boundary. Numerical calculations for the electronic
conductance through finite regions of Kek-Y interfaces reveal
the appearance of resonant transport in the absence of local
gating or position dependent external potential. We also intro-
duce a simple way to extract a measure of the strength of the
Kekulé parameter in graphene nanorribons.
The paper is organized as follows: In Sec. II we introduce
the model for an infinite graphene zigzag nanorribon with an
uniform Kekulé distortion. In Sec. III we plot and discuss the
results, including the conductance calculations. Finally, we
draw our conclusions in Sec. IV.
II. MODEL AND METHODS
We first consider an infinite graphene nanoribbon of width
W with zigzag edges and characterized by an uniform Kekulé
distortion. Following Gamayun et al.22, the nearest neighbors
tight-binding Hamiltonian describing such system reads,
H =∑
l
3
∑
j=1
tl, ja†rl brl+δ j +H.c., (1)
where l runs over all the sites of the sublattice A, j runs
over the three corresponding first-neighbors sites of the sub-
lattice B connected through the vectors δ1 = acc(
√
3
2 ,− 12 ),
δ2 = acc(−
√
3
2 ,− 12 ), δ3 = acc(0,1), where acc =1.42 Å is
the carbon-carbon distance. Here rl = nla1 +mla2 is the po-
sition vector of the l-th site in terms of the lattice vectors
a1 = a(−12 ,
√
3
2 ) and a2 = a(
1
2 ,
√
3
2 ) where a =
√
3acc is the
lattice parameter. For pristine graphene the hopping integral
between nearest-neighbor sites tl, j = t0 is around 2.7 eV. The
Kekulé distortion of the lattice modifies the bond lengths and
it is introduced through a position dependent hopping integral
given by22,
tl, j = t0(1+2ℜ[∆ei(pK++qK−)·δ j+iG·rl ]), (2)
where ∆ = ei2piN/3∆0 is the Kekulé coupling with amplitude
∆0 and a phase fixed by an arbitrary integer number N; typi-
cally is assumed that |∆| .0.1. In the above equation, K± =
2pi
9a
√
3(±1,√3) andG= 4pi9a
√
3(1,0) are the reciprocal lattice
and the Kekulé wavevectors, respectively. The integers p and
q define the type of Kekulé texture through the number
ν = (1+q− p) mod 3, (3)
with {p,q} ∈ Z3 such that a Kek-O bond texture corresponds
to ν = 0, whereas the Kek-Y texture corresponds to ν =±1.
The aim is thus to calculate the subband spectrum of an in-
finite zigzag graphene nanoribbon with an uniform Kek-Y and
Kek-0 pattern. We then shall focus our study on the electronic
properties (conductance) for Kek-Y superlattices. In order to
tackle the subband spectrum problem and facilitate its numer-
ical calculation it is necessary to define an appropriate unit
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FIG. 1. (Color online) (a) Band structure for zigzag pristine graphene
nanoribbons obtained with the green unit cell showed in (b). Band
structure for zigzag graphene nanoribbons with Kek-Y distortion, ob-
tained with the red unit cell showed in (d).
cell36. Let H00 be the matrix elements relating the sites within
the same cell and H01(H10) be the matrix elements relating
the sites of that cell with the sites of its right(left) neighboring
cell, see Fig. 1(b) and (d) for examples of unit cell chosen. It
is not difficult to show that the subband structure for such pe-
riodic system can be obtained by solving the following secular
equation,
det
[
H00+H01e3ikxb+H10e−3ikxb−EI
]
= 0, (4)
for the energy E(kx) at each kx point within the first Bril-
louin zone. In the absence of the Kekulé distortion, a pris-
tine zigzag GNR can be described with a unit cell consisting
of two columns of atoms of width b = a [green rectangle in
Fig 1(b) ], this results in the band structure of Fig. 1(a). Now,
if a perturbation with hexagonal periodicity like the Kekulé
distortion is considered, a tripled sized unit cell (of width
b = 3a) is required to describe the whole system [red rectan-
gle in Fig1(d)]. Taking such unit cell results in a three-folding
in k-space (respect with that of pristine ZGNR) of the energy
subband structure37 as shown in Fig. 1(c). The colors have
been added to better illustrate such folding.
The characterization of the electronic conductance is per-
formed within the Landauer regime of quantum transport. All
the numerical calculations of the bandstructure and electronic
conductance were done using the Kwant platform38 and sub-
sequently compared and tested with the results of our own im-
plemented codes following the standard recursive Green func-
tion method39.
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III. RESULTS
Depending upon the type of Kekulé distortion the effect on
the band structure can be dramatically different. For instance,
it is known that in an infinite sheet of graphene, the Kek-O
distortion generates an energy gap that scales as six times the
Kekulé parameter ∆19,22. For the case of zigzag edge graphene
nanoribbons, the Kek-O distortion also opens a gap40 and, as
shown in Fig. 2(a), a flat band persist at zero energy27. As
a consequence these states do not contribute to the electronic
conductance. In contrast, a Kek-Y distortion in an infinite
sheet of graphene does not lead to the aperture of a gap, how-
ever small energy gaps emerges at zero momentum in zigzag
graphene nanoribbons, see inset in Fig. 2(b). The appearance
of these gaps is somewhat surprising considering the fact that
that, neither the Kek-Y distortion for infinite graphene flake,
nor the zigzag cutting edge open an energy gap by them-
selves, however the combined scenario, Kek-Y in a ZGNR
does yields energy gaps as shown here in inset of Fig. 2(b).
Such gaps can be further characterized using the continuous
approximation, as discussed below.
FIG. 2. Band structure for zigzag nanoribbons of (a) Kek-O dis-
torted graphene, (b) Kek-Y distorted graphene where we considered
widths of around 8.38 nm and ∆0 = 0.1. The size of the gap opened
for ZGNR with Kek-Y distortion as function of (c) the nanoribbon’s
width, W and (d) the Kekulé coupling amplitude ∆0 ; solid lines indi-
cate the numerical results obtained through the tight-binding model,
while dashed lines correspond to our analytic results in the low-
energy approximation.
A. Kek-Y Zigzag Graphene Nanoribbons
Here we analyze the nature and magnitude of the gap for
Kek-Y distorted graphene nanoribons in the low energy ap-
proximation. In this regime its Hamiltonian has the form22,
H = v0|p|

0 −e−iθ −∆0e−iθ 0
−eiθ 0 0 ∆0e−iθ
−∆0eiθ 0 0 e−iθ
0 ∆0eiθ eiθ 0
 , (5)
where |p|e±iθ = px± ipy characterizes the electronic momen-
tum, v0 is the Fermi velocity of the carriers in freestanding
graphene, and ∆ = ∆0 describes the strength of the Kekulé
distortion. Setting the x-axis parallel to the nanoribbon we
can write the wave function solution of Eq. (5) as,
Ψ=
φ
′
B(y)
φ ′A(y)
φA(y)
φB(y)
eikxx, (6)
in which the subindex A,B denotes the sublattice, whiles the
prime and unprime superindexes refers to the K′,K valleys, re-
spectively. After substituting Eq. (6) into the Dirac-like equa-
tion, HΨ= EΨ, it can be shown that the resulting differential
equations should be satisfied by transverse wave functions of
the explicit form φS(y) = cSeλE (kx)y, where S = {A,B}, and cS
is a real constant; and similarly for the primed solutions. This
leads to a quartic algebraic equation for λE(kx), where its four
roots are given by ±λ+,±λ− with
λ± =±
√
k2x −
ε2
∆2±
, (7)
where we have set ε = E/h¯v0 and ∆± = 1±∆0. Therefore,
the most general functional form for the transverse wave func-
tions must be governed by
φA(y) = Aeλ−y+Be−λ−y+Ceλ+y+De−λ+y, (8a)
φ ′A(y) =−Aeλ−y−Be−λ−y+Ceλ+y+De−λ+y, (8b)
φB(y) =
1
ε
[γ+−Ae
λ−y+ γ−−Be
−λ−y+ γ++Ce
λ+y+ γ−+De
−λ+y],
(8c)
φ ′B(y) =
1
ε
[γ−−Ae
λ−y+ γ+−Be
−λ−y− γ−+Ceλ+y− γ++De−λ+y],
(8d)
where γαη = ∆η(kx +αλη), being α,η ∈ (+,−). Applying
boundary conditions at the edges of the nanoribbon, φA(W ) =
φ ′A(W ) = φB(0) = φ
′
B(0) = 0, we get the set of equations,
eλ−W e−λ−W eλ+W e−λ+W
−eλ−W −e−λ−W eλ+W e−λ+W
γ+− γ− γ
+
+ γ−+
γ−− γ
+
− −γ−+ −γ++

ABC
D
=
000
0
 , (9)
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from which the non-trivial solution should satisfy,
tanh(λ+W )tanh(λ−W ) =
λ+λ−
k2x
, (10)
being an implicit equation for the energy E as a function of
the momentum kx. Then the gap of interest can obtained from
Eq. (10). By setting kx = 0 in Eq. (10) we get the condition,
cosh(λ+W )cosh(λ−W ) = 0, (11)
with
λ+ = i
mpi
2W
, λ− = i
npi
2W
, (12)
where m and n are integers. Since the size of the gap is given
by the states around E = 0 only the solutions for m = n = 1
are required. Therefore, from Eq. (12) and Eq. (7) we get
E± =
h¯v0pi
2W
∆±, (13)
for the lowest positive energies. The size of the energy gap is
then given by,
EGap = E+−E− = h¯v0piW ∆0, (14)
which is also valid for the gap at negative energies [inset in
Fig. 2(b)]. Plots of gap magnitude EGap as a function of the
nanoribbon width W and the Kek-parameter ∆ are shown in
Fig. 2(c) and Fig. 2(d), respectively. The continuous lines are
the plots of the analytic results from Eq. (14) and the dashed
lines the corresponding numerical solutions. We notice that,
as expected from a continuous model, the coincidence be-
tween both results is better for wider nanoribbons and for
small values of the Kek-parameter ∆0. Similarly, the energy
at which the gap is centered is given by
E0gap =
1
2
(E++E−) =
h¯v0pi
2W
, (15)
which is independent of the Kekulé parameter.
B. Kek-O Zigzag graphene nanoribbons
A similar approach can be followed to find an expression
for the gap in Kek-O textured GNR. The corresponding low
energy Hamiltonian for the Kek-O distortion in graphene is
given by,
H =

0 −v0|p|e−iθ −3∆0t 0
−v0|p|eiθ 0 0 −3∆0t
−3∆0t 0 0 v0|p|e−iθ
0 −3∆0t v0|p|eiθ 0
 , (16)
with a wavefunction of the generic form as given by Eq. (6)
and Eqs. (8a-8d), but instead of Eq.(7) we find for this case,
λ =
√
k2x +(3∆0t)2− ε2, (17)
(ε = E/h¯v0) and obtain a set of linear equations with coeffi-
cients,

eλL e−λL 0 0
0 0 eλL e−λL
(kx+λ ) (kx−λ ) −3∆0t −3∆0t
3∆0t 3∆0t (kx−λ ) (kx+λ )
 . (18)
requiring that the non-trivial solution satisfy,
cosh(2λW ) =
k2x +(3∆0t)2+λ 2
k2x +(3∆0t)2−λ 2
, (19)
which can be solved numerically to obtain the value of the gap
as function of the nanoribbons width and the Kek parameter
∆0. In analogy with the former case (Kek-Y) and by setting
kx = 0, we can explicitly show the value of the band gap, from
Eq. (19) we can write,
ε2
[
1+ cosh
(
2W
√
(3∆0t)2− ε2
)]
= 2(3∆0t)2, (20)
where the first solutions are given by ε = ±3∆0t. Therefore,
the size of the gap is given by 6∆0t, which coincides with the
gap for an infinite Kek-O distorted graphene sheet22,25. This
last result applies only to zigzag GNR, for the Kek-O armchair
GNRs the gap turn to be considerable smaller29,40. Notice that
there is an entirely flat band at zero energy, this band will not
contribute to transport since it has vanishing group velocity41.
C. Quantum conductance calculation
The electronic conductance is obtained using the wave
function formulation of the quantum scattering problem38
within the Landauer framework of ballistic transport42 at zero
temperature. It involves the calculation of the electronic
transmission probabilities T (E), through the whole nanorib-
bon attached to ideal (pristine) graphene contacts; the con-
ductance is then obtained through the expression G(E) =
e2
h T (E), where T (E) comprises the sum of all transmitted
modes allowed. Unless stated otherwise, we use uniform
regions of Kek-Y distorted graphene nanoribbons of width
W = 28.87a ' 7.1 nm and length L = 100.5a ' 24.7 nm,
in a sequentially ordered pattern with alternating orientations
(ν =±1).
The black solid line in Fig. 3(a) shows the electronic con-
ductance as a function of the Fermi energy through a single
slab of Kek-Y (ν = +1) distorted Zigzag graphene nanorib-
bon. The gray dashed line is the conductance for an infinite
Kek-Y distorted GNR, and for comparison, we have plotted
also (solid gray line) the conductance in the absence of any
Kek-distortion (i.e. for pristine GNR). We notice that for
the presence of the Kek-Y distortion everywhere (including
the leads), the zero step in the conductance presents a small
gap close to 20meV at the incident energy centered at about
E0gap = 125meV [gray dashed line in Fig. 3(a)]. Interestingly,
a depletion of the conductance, centered at this energy, occurs
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FIG. 3. (Color online) (a) Conductance of system compound of a
Kek-Y distorted graphene slab with pristine graphene leads (black
line), conductance of pristine graphene (solid gray line) and Kek-Y
distorted graphene (dashed gray line) are also shown. (b) Conduc-
tance of systems of alternating slabs of Kek-Y distorted graphene
and pristine graphene for one slab (black line), three slabs (red line),
five slabs (blue line) and seven slabs (green line). Notice that the
real physical spin does not any role here, therefore the conductance
is spin-degenerate, which explains the factor of two in the units of
conductance.
when the distortion is present in a finite region of length L
(black solid line). Such dip in the conductance becomes more
pronounced as the length of the distorted region increases (not
shown). The black curve in Fig. 3(a) also shows Fabry–Pérot
oscillations, as the Fermi energy is increased, associated with
the finite size of the Kek-Y distorted region43. Another in-
teresting feature is the splitting in two of the first step in the
conductance (E1st ≈ 340 meV). This is associated with the
breaking of the valley degeneracy created by the Kek-Y dis-
tortion which couples both valleys22 at a given momentum k,
which for an infinite graphene sheet, can be evaluated by de-
generated perturbation theory, and results in a displacement in
energy of the cones by ±∆0E. Therefore the expected energy
difference of the new step is 2∆0E1st ≈ 68 meV. This split-
ting is a signature of a Kekulé-Y distortion in GNRs and its
measurement provides an indirect and independent way to es-
timate the strength of the Kekulé parameter. The conductance
dip observed around E ≈ 330 meV is most likely due to a res-
onant backscattering by a quasi-bound state in the distorted re-
gion caused by the confinement with the leads. We notice that
the appearance of such resonances occurs as long there are
two available modes in the central kek-Y region while there is
only one mode available in the leads44.
Now, by adding subsequent Kek-Y distorted regions, sepa-
rated by pristine graphene slabs of the same length L, gener-
ates symmetric resonant peaks in the conductance, as shown
in Fig. 3(b). The red line shows the conductance for two
Kek-distorted regions (one pristine graphene slab between
them) and it presents two resonant peaks approximately at
E0± = E0gap(1±∆0), respectively. Clearly, the number of res-
onance peaks emerging around E0+ and E
0− correspond to the
number of clean (no Kek-distorted) graphene slabs in the Kek-
Y superlattice [See blue and green lines in Fig. 3(b)]. Equiv-
alently, the number of resonance peaks goes as the number
of Kek-Y slabs minus one. Such resonant effect pretty much
resembles the resonant tunneling transmission probability of
semiconducting multibarrier structures45,46, in which the Kek-
Y regions plays the role of the physical potential barriers.
However, in contrast to the latter, the resonances and its multi-
plicity appears in Kek-Y/Graphene/Kek-Y superlattices in the
absence of band-offsets and/or local gating.
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FIG. 4. (Color online) Conductance of systems compound of slabs
with alternating orientation of Kek-Y distorted graphene and pristine
graphene leads for (a) two slabs (red line), (b) three slabs (blue line),
and (c) four slabs (green line). The conductance of pristine graphene
(solid gray line), Kek-Y distorted graphene (dashed gray line) and
one Kek-Y slab (black line) are also shown.
Next, we explore the conductance response for the case
of Kek-Y distorted regions but with the opposite orientations
ν = ±1. We observe that the single Kek-Y/Kek- Yinterface
develop a resonance in the otherwise gap region (Fig. 4(a)).
As the number of alternating Kek-regions increases, the num-
ber resonances in the otherwise gap region also increases [see
Fig. 4(a)-(c)]. It is known that a Kek-Y distortion in graphene
will also generate an asymmetric on-site energy pattern due
to the modifications of the relative distances between sites
and the corresponding modification of the crystal field31,47,48.
This behavior has been studied in a recent paper by J. J. Wang
et al.32. In order to further study the persistence of the con-
ductance resonances in the presence of this on-site energy
asymmetry we performed the numerical calculations shown
in Fig. 5. We focus our study to the conductance through two
Kek-Y distorted graphene slabs with opposites orientations as
in Fig. 4(a). For reference we plot (Fig. 5(a)) the conductance
without on-site energy modifications [as in Fig. 4(a)]. The
case when taking different on-site energy Ec = 108 meV for
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the sites surrounded by three modified bonds (as in the work
by Wang et al.32 ) is depicted in Fig. 5(b). The most asymmet-
ric case is obtained by considering on-site energy difference
of Ec = 108 meV or Eb = 40 meV for the sites surrounded by
three or one modified bonds, respectively. To guide the eye we
plotted in gray the conductance of an infinite pristine GNR.
The conductance plots reveal that the resonant states persist
in the presence of on-site energy modifications, the same hap-
pens form interfaces with more slabs (not shown here). An-
other consequence of the on-site energy modifications is shift-
ing of the conductance response to higher energies, this evi-
dently results in the increasing of the energy range for the ap-
pearance of gap and for the energy range of the first step in
the conductance.
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FIG. 5. (Color online) Conductance through two slabs of Kek-Y dis-
torted graphene with opposites orientations considering: (a) without
on-site energy modifications, (b) with on-site energy modifications
Ec = 108 meV for the sites surrounded by three the modified bonds
and (c) on-site energy difference of Ec = 108 meV and Eb = 40 meV
for the sites surrounded by three and one modified bonds, respec-
tively.
IV. CONCLUSIONS
We have presented a first study of the quantum conductance
of Kek-Y distorted zigzag graphene nanoribbons. Our results
show that the breaking of the valley degeneracy due to Kek-
Y distortions in infinite graphene is robust under confinement
in the form of nanoribbons. The latter is reflected in the sub-
band structure that results in a valley-resolved spectrum, and
in the behavior of the electronic conductance. We show that
the Kek-Y distortion generates a gap in the zeroth step for
an infinite long Kek-Y distorted ZGNR. Using the continuum
approximation we find a simple analytical expression for the
size of this gap as function of the nanoribbons width and the
Kek-Y strength-parameter. In addition, we presented trans-
port studies of a ZGNR with regions of alternating Kek-Y dis-
tortions of the same spatial length. The superlattice of Kek-Y
interfaces show the appearance of resonant tunneling trans-
port when two or more slabs of Kek-Y distorted regions with
the same or different orientation are considered. Furthermore,
we have found that including the asymmetrical on-site energy
modifications to the Kek-Y distortions does not destroys these
resonances. Considering that the Kek-Y distortion is an exper-
imental reality, and as long uniform Kek-Y distortions could
be manipulated in actual graphene nanoribbons, all these ef-
fects would be in the reach of experimental measurements,
opening the exciting possibility of designing resonant tunnel-
ing graphene-based devices.
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